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Abstract
In this paper we develop the theory of properly immersed
minimal surfaces in the quotient space H2 × R /G, where G is
a subgroup of isometries generated by a vertical translation and
a horizontal isometry in H2 without fixed points. The horizontal
isometry can be either a parabolic translation along horocycles in
H2 or a hyperbolic translation along a geodesic in H2 . In fact, we
prove that if a properly immersed minimal surface in H2 × R /G
has finite total curvature then its total curvature is a multiple of
2pi, and moreover, we understand the geometry of the ends. These
theorems hold true more generally for properly immersed minimal
surfaces in M × S1, where M is a hyperbolic surface with finite
topology whose ends are isometric to one of the ends of the above
spaces H2 × R /G.
1 Introduction
Among all the minimal surfaces in R3, the ones of finite total curvature
are the best known. In fact, if a minimal surface in R3 has finite total
curvature then this minimal surface is either a plane or its total curvature
is a non-zero multiple of 2pi. Moreover, if the total curvature is −4pi, then
the minimal surface is either the Catenoid or the Enneper’s surface [16].
In 2010, the first author jointly with Harold Rosenberg [10] developed
the theory of complete embedded minimal surfaces of finite total curva-
ture in H2 × R . In that work they proved that the total curvature of
such surfaces must be a multiple of 2pi, and they gave simply connected
∗The authors were partially supported by the ANR-11-IS01-0002 grant. The second
author was partially supported by CNPq-Brazil and IMPA.
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2examples whose total curvature is −2pim, for each nonnegative integer
m.
In the last few years, many people have worked on this subject and
classified some minimal surfaces of finite total curvature in H2 × R (see
[8, 9, 15, 20]).
In [15] Morabito and Rodr´ıguez constructed for k ≥ 2 a (2k − 2)-
parameter family of properly embedded minimal surfaces in H2 × R in-
variant by a vertical translation which have total curvature 4pi(1 − k),
genus zero and 2k vertical Scherk-type ends in the quotient by the ver-
tical translation. Moreover, independently, Morabito and Rodr´ıguez [15]
and Pyo [17] constructed for k ≥ 2 examples of properly embedded min-
imal surfaces with total curvature 4pi(1−k), genus zero and k ends, each
one asymptotic to a vertical plane. In particular, we have examples of
minimal annuli with total curvature −4pi.
It was expected that each end of a complete embedded minimal sur-
face of finite total curvature in H2 × R was asymptotic to either a vertical
plane or a Scherk graph over an ideal polygonal domain. However in [18],
Pyo and Rodr´ıguez constructed new simply-connected examples of min-
imal surfaces of finite total curvature in H2 × R, showing this is not the
case.
In this work we consider H2 × R quotiented by a subgroup of isome-
tries G ⊂ Isom(H2 × R) generated by a horizontal isometry in H2 with-
out fixed points, ψ, and a vertical translation, T (h), for some h > 0.
The isometry ψ can be either a parabolic translation along horocycles in
H2 or a hyperbolic translation along a geodesic in H2 . We prove that if
a properly immersed minimal surface in H2 × R /G has finite total cur-
vature then its total curvature is a multiple of 2pi, and moreover, we
understand the geometry of the ends. More precisely, we prove that
each end of a properly immersed minimal surface of finite total curva-
ture in H2 × R /G is asymptotic to either a horizontal slice, or a vertical
geodesic plane or the quotient of a Helicoidal plane. Where by Helicoidal
plane we mean a minimal surface in H2 × R which is parametrized by
X(x, y) = (x, y, ax+ b) when we consider the halfplane model for H2 .
Let us mention that these results hold true for properly immersed
minimal surfaces in M×S1, where M is a hyperbolic surface (KM = −1)
with finite topology whose ends are either isometric toM+ orM−, which
we define in the next section.
32 Preliminaries
Unless otherwise stated, we use the Poincare´ disk model for the hyper-
bolic plane, that is
H2 = {(x, y) ∈ R2 | x2 + y2 < 1}
with the hyperbolic metric g−1 = σg0 = 4(1−x2−y2)2 g0, where g0 is the
Euclidean metric in R2 . In this model, the asymptotic boundary ∂∞H2
of H2 is identified with the unit circle and we denote by po the point
(1, 0) ∈ ∂∞H2 .
We write pq to denote the geodesic arc between the two points p, q.
We consider the quotient spaces H2 × R /G, where G is a subgroup
of Isom(H2 × R) generated by a horizontal isometry on H2 without fixed
points, ψ, and a vertical translation, T (h), for some h > 0. The horizontal
isometry ψ can be either a horizontal translation along horocycles in H2
or a horizontal translation along a geodesic in H2 .
Let us analyse each one of these cases for ψ.
Consider any geodesic γ that limits to po at infinity parametrized by
arc length. Let c(s) be the horocycles in H2 tangent to po at infinity that
intersects γ at γ(s) and write d(s) to denote the horocylinder c(s) × R
in H2 × R . Taking two points p, q ∈ c(s), let ψ : H2 × R → H2 × R
be the parabolic translation along d(s) such that ψ(p) = q. We have
ψ(d(s)) = d(s) for all s. If G = [ψ, T (h)], then the manifold M which is
the quotient of H2 × R by G is diffeomorphic to T2×R, where T2 is the 2-
torus. Moreover,M is foliated by the family of tori T(s) = d(s)/G, which
are intrinsically flat and have constant mean cuvature 1
2
. (See Figure 1).
Figure 1: M = H2 × R /[ψ, T (h)], where ψ is a parabolic isometry.
Now take a geodesic γ inH2 and consider c(s) the family of equidistant
curves to γ, with c(0) = γ. Write d(s) to denote the plane c(s) × R in
H2 × R . Given two points p, q ∈ c(s), let ψ : H2 × R → H2 × R be the
hyperbolic translation along γ such that ψ(p) = q. We have ψ(d(s)) =
4d(s) for all s. If G = [ψ, T (h)], then the manifoldM which is the quotient
of H2 × R by G is also diffeomorphic to T2×R and M is foliated by
the family of tori T(s) = d(s)/G, which are intrinsically flat and have
constant mean cuvature 1
2
tanh(s). (See Figure 2).
Figure 2: M = H2 × R /[ψ, T (h)], where ψ is a hyperbolic isometry.
In these quotient spaces we have two different types of ends. One
where the injectivity radius goes to zero at infinity, which we denote by
M+, and another one where the injectivity radius is strictly positive,
which we denote by M−.
Hence M+ =
⋃
s≥0 d(s)/[ψ, T (h)], where ψ is a parabolic transla-
tion along horocycles, and M− =
⋃
s≥0 d(s)/[ψ, T (h)], for ψ hyperbolic
translation along a geodesic in H2, or M− =
⋃
s≤0 d(s)/[ψ, T (h)], where
ψ can be either a parabolic translation along horocycles or a hyperbolic
translation along a geodesic in H2 . (See Figure 3).
Figure 3: M+ and M−.
From now one we will not distinguish between the two quotient spaces
above. We will denote both by M.
Let Σ be a Riemannian surface and X : Σ → M be a minimal
immersion. As
M = H2 × R /[ψ, T (h)] ∼= H2/[ψ]× S1,
we can write X = (F, h) : Σ→ H2/[ψ]× S1, where F : Σ→ H2/[ψ] and
h : Σ→ S1 are harmonic maps. We consider local conformal parameters
5z = x+ iy on Σ. Hence
|Fx|2σ + (hx)2 = |Fy|2σ + (hy)2
〈Fx, Fy〉σ + hx.hy = 0
(2.1)
and the metric induced by the immersion is given by
ds2 = λ2(z)|dz|2 = (|Fz|σ + |Fz¯|σ)2|dz|2. (2.2)
Considering the universal covering pi : H2 × R → H2/[ψ] × S1 we
can take Σ˜, a connected component of the lift of Σ to H2 × R, and we
have X˜ = (F˜ , h˜) : Σ˜ → H2 × R such that pi(Σ˜) = Σ and F˜ : Σ˜ →
H2, h˜ : Σ˜ → R are harmonic maps. We denote by ∂˜t, ∂t the vertical
vector fields in H2 × R and H2/[ψ] × S1, respectively. Observe that the
functions n3 : Σ→ R, n˜3 : Σ˜→ R, given by n3 = 〈∂t, N〉 , n˜3 =
〈
∂˜t, N˜
〉
,
where N, N˜ are the unit normal vectors of Σ, Σ˜, respectively, satisfy
n˜3 = n3 ◦ pi. Then if we define the functions ω : Σ → R, ω˜ : Σ˜ → R so
that tanh(ω) = n3 and tanh(ω˜) = n˜3, we get ω˜ = ω ◦ pi.
As we consider X a conformal minimal immersion, we have
n3 =
|Fz|2 − |Fz¯|2
|Fz|2 + |Fz¯|2 (2.3)
and
ω =
1
2
ln
|Fz|
|Fz¯| . (2.4)
Note that the same formulae are true for n˜3 and ω˜.
We know that for local conformal parameters z˜ on Σ˜, the holomorphic
quadratic Hopf differential associated to F˜ , given by
Q˜(F˜ ) = (σ ◦ F˜ )2F˜z˜ ¯˜F z˜(dz˜)2,
can be written as (h˜z˜)
2(dz˜)2 = −Q˜. Then, since h˜ and h differ by a con-
stant in a neighborhood, (hz)
2(dz)2 = −Q is also a holomorphic quadratic
differential on Σ for local conformal parameters z on Σ. We note Q has
two square roots globally defined on Σ. Writing Q = φ(dz)2, we denote
by η = ±2i√φdz a square root of Q, where we choose the sign so that
h = Re
∫
η.
Using (2.2), (2.4) and the definition of Q, we have
ds2 = 4(cosh2ω)|Q|. (2.5)
6As the Jacobi operator of the minimal surface Σ is given by
J =
1
4 cosh2 ω|φ|
[
∆0 − 4|φ|+ 2|∇ω|
2
cosh2 ω
]
and Jn3 = 0, then
∆0ω = 2 sinh(2ω)|φ|, (2.6)
where ∆0 denotes the Laplacian in the Euclidean metric |dz|2, that is,
∆0 = 4∂
2
zz¯.
The sectional curvature of the tangent plane to Σ at a point z is −n23
and the second fundamental form is
II =
ωx
coshω
dx⊗ dx− ωx
coshω
dy ⊗ dy + 2 ωy
coshω
dx⊗ dy.
Hence, using the Gauss equation, the Gauss curvature of (Σ, ds2) is
given by
KΣ = −tanh2ω − |∇ω|
2
4(cosh4ω)|φ| . (2.7)
3 Main results
In this section, besides prove the main theorem of this paper, we will
firstly demonstrate some properties of an end when it is properly im-
mersed in M+ or in M−, which are interesting by theirselves.
We will write [d(0), d(s)] to denote the slab ∪0≤t≤sd(t) in H2 × R
whose boundary is d(0) ∪ d(s).
Lemma 1. There is no proper minimal end E in M+ with ∂M+ ∩E =
∂E whose lift is an annulus in H2 × R .
Proof. Let us prove it by contradiction. Suppose we have a proper mini-
mal end E inM+ with ∂M+∩E = ∂E whose lift E˜ is a proper minimal
annulus in H2 × R . Hence ∂E˜ ⊂ d(0), E˜ ⊂ ⋃s≥0 d(s) and E˜ ∩ d(s) 6= ∅
for any s, where d(s) = c(s)×R, c(s) horocycle tangent at infinity to po.
Choose p 6= po ∈ ∂∞H2 such that (ppo × R) ∩ ∂E˜ = ∅.
Now consider q ∈ ∂∞H2 contained in the halfspace determined by
ppo×R that does not contain ∂E˜ such that (pq×R)∩d(0) = ∅. Let q go
to po. If there exists some point q1 such that (pq1 ×R)∩ E˜ 6= ∅, then, as
p, q1 /∈ d(s) for any s, and E is proper, that intersection is a compact set in
E˜. Therefore, when we start with q close to p and let q go to q1, there will
be a first contact point between pq0×R and E˜, for some point q0. By the
maximum principle this yields a contradiction. Therefore, we conclude
that pp0×R does not intersect E˜. Choosing another point p¯ in the same
7halfspace determined by ppo ×R as E˜ such that (p¯po ×R) ∩ ∂E˜ = ∅, we
can use the same argument above and conclude that E˜ is contained in
the region between ppo × R and p¯po × R . Call α = ppo and α¯ = p¯po.
Figure 4: Curve γ.
Now consider a horizontal geodesic γ with endpoints q, q¯ such that q
is contained in the halfspace determined by α×R that does not contain
E˜, and q¯ is contained in the halfspace determined by α¯×R that does not
contain E˜ (see Figure 4). Up to translation, we can suppose E˜∩(γ×R) 6=
∅. As E is proper, the part of E˜ between ∂E˜ and E˜∩(γ × R) is compact,
then there exists M ∈ R such that the function h˜ restrict to this part
satisfies −M ≤ h˜ ≤ M. Consider the function v that takes the value
+∞ on γ and take the value M on the asymptotic arc at infinity of H2
between q and q¯ that does not contain po. The graph of v is a minimal
surface that does not intersect E˜. When we let q, q¯ go to po we get,
using the maximum principle, E˜ is under the graph of v and then h˜|E˜
is bounded above by M , since v converges to the constant function M
uniformly on compact sets as q, q¯ converge to po (see section B, [12]).
Using a similar argument, we can show that h˜|E˜ is also bounded below
by −M . Therefore E˜ is an annulus contained in the region bounded by
α× R, α¯× R,H2×{−M} and H2×{M}.
Take four points p1, p2, p3, p4 ∈ ∂∞H2 such that p1, p2 is contained in
the halfspace determined by α×R that does not contain E˜, and p3, p4 is
contained in the halfspace determined by α¯×R that does not contain E˜.
Moreover, choose these points so that there exists a complete minimal
surface A taking value 0 on p1p2 and p3p4, and taking value +∞ on p2p4
and p1p3 (see Figure 5). This minimal surface exists by [2].
Up to a vertical translation, A does not intersect E˜ and A is above
E˜. Pushing down A (under vertical translation) and using the maximum
principle, we conclude that A = E˜, what is impossible.
Remark 1. We do not use any assumption on the total curvature of the
end to prove the previous lemma.
8Figure 5: Minimal graph A.
Lemma 2. If a proper minimal end E with finite total curvature is con-
tained in M−, then E has bounded curvature and infinite area.
Proof. Suppose E does not have bounded curvature. Then there exists
a divergent sequence {pn} in E such that |A(pn)| ≥ n, where A denotes
the second fundamental form of E. As the injectivity radius of M− is
strictly positive, there exists δ > 0 such that for all n, the exponential
map expM : D(0, δ) ⊂ TpnM → BM(pn, δ) is a diffeomorphism, where
BM(pn, δ) is the extrinsic ball of radius δ centered at pn in M. Without
loss of generality, we can suppose BM(pn, δ) ∩BM(pk, δ) = ∅.
The properness of the end implies the existence of a curve c ⊂ E
homotopic to ∂E such that every point in the connected component of
E \ c that does not contain ∂E is at a distance greater than δ from
∂E. Call E1 this component. Hence each point of E1 is the center of an
extrinsic ball of radius δ disjoint from ∂E.
Denote by Cn the connected component of pn in BM(pn, δ) ∩E1 and
consider the function fn : Cn → R given by
fn(q) = d(q, ∂Cn)|A(q)|,
where d is the extrinsic distance.
The function fn restricted to the boundary is identically zero and
fn(pn) = δ|A(pn)| > 0. Then fn attains a maximum in the interior. Let
qn be such maximum. Hence δ|A(qn)| ≥ d(qn, ∂Cn)|A(qn)| = fn(qn) ≥
fn(pn) = δ|A(pn)| ≥ δn, what yields |A(qn)| ≥ n.
Now consider rn =
d(qn,∂Cn)
2
and denote by Bn the connected com-
ponent of qn in BM(qn, rn) ∩ E1. We have Bn ⊂ Cn. If q ∈ Bn, then
fn(q) ≤ fn(qn) and
d(qn, ∂Cn) ≤ d(qn, q) + d(q, ∂Cn)
≤ d(qn,∂Cn)
2
+ d(q, ∂Cn)
⇒ d(qn, ∂Cn) ≤ 2d(q, ∂Cn),
9hence we conclude that |A(q)| ≤ 2|A(qn)|.
Call g the metric on E and take λn = |A(qn)|. Consider Σn the ho-
mothety of Bn by λn, that is, Σn is the ball Bn with the metric gn = λng.
We can use the exponential map at the point qn to lift the surface Σn to
the tangent plane TqnM≈ R3, hence we obtain a surface Σ˜n in R3 which
is a minimal surface with respect to the lifted metric g˜n, where g˜n is the
metric such that the exponential map expqn is an isometry from (Σ˜n, g˜n)
to (Σn, gn).
We have Σ˜n ⊂ BR3(0, λnrn), |A(0)| = 1 and |A(q)| ≤ 2 for all q ∈ Σ˜n.
Note that 2λnrn = fn(qn) ≥ fn(pn) ≥ δn, hence λnrn → +∞ as
n→∞.
Fix n. The sequence
{
Σ˜k ∩BR3(0, λnrn)
}
k≥n
is a sequence of com-
pact surfaces in R3, with bounded curvature, passing through the origin
and the metric gk converges to the canonical metric g0 in R3 . Then a
subsequence converges to a minimal surface in (R3, g0) passing through
the origin with the norm of the second fundamental form at the origin
equal to 1. We can apply this argument for each n and using the diago-
nal sequence argument, we obtain a complete minimal surface Σ˜ in R3,
with 0 ∈ Σ˜ and |A(0)| = 1. In particular, Σ˜ is not the plane. Then by
Osserman’s theorem [16] we know
∫
Σ˜
|A|2 ≥ 4pi.
We know that the integral
∫
Σ
|A|2 is invariant by homothety of Σ,
hence ∫
Bn
|A|2 =
∫
Σn
|A|2 =
∫
Σ˜n
|A|2.
Consider a compact K ⊂ Σ˜ sufficiently large so that ∫
K
|A|2 ≥ 2pi.
Fix n such that K ⊂ B(0, λnrn). As a subsequence of Σ˜k ∩ BR3(0, λnrn)
converges to Σ˜ ∩BR3(0, λnrn), we have for k sufficiently large that∫
Σ˜k∩B(0,λnrn)
|A|2 ≥ 2pi − ,
for some small . It implies
∫
Bk
|A|2 ≥ 2pi − , for k sufficiently large. As
Bi ∩ Bj = ∅, we conclude that
∫
E
|A|2 = +∞. But this is not possible,
since ∫
E
|A|2 =
∫
E
−2KE + 2KsecM(E) ≤ −2
∫
E
KE < +∞.
Therefore, E has necessarily bounded curvature.
Since E is complete, there exist  > 0 and a sequence of points {pn}
in E such that pn diverges in M− and BE(pk, ) ∩ BE(pj, ) = ∅, where
BE(pk, ) ⊂ E is the intrinsic ball centered at pk with radius . As E
has bounded curvature, then there exists τ <  such that BE(pk, τ) is a
10
graph with bounded geometry over a small disk D(0, τ) of radius τ in
TpkE, and the area of BE(pk, τ) is greater or equal to the area of D(0, τ).
Therefore,
area(E) ≥
∑
n≥1
area (BE(pn, τ)) =∞.
Definition 1. We write Helicoidal plane to denote a minimal surface
in H2 × R which is parametrized by X(x, y) = (x, y, ax + b) when we
consider the halfplane model for H2 .
Now we can state the main result of this paper.
Theorem 1. Let X : Σ ↪→ M = H2 × R /[ψ, T (h)] be a properly im-
mersed minimal surface with finite total curvature. Then
1. Σ is conformally equivalent to a compact Riemann surface M with
genus g minus a finite number of points, that is, Σ = M\{p1, ..., pk}.
2. The total curvature satisfies∫
Σ
Kdσ = 2pi(2− 2g − k).
3. If we parametrize each end by a punctured disk then either Q ex-
tends to zero at the origin (in the case where the end is asymptotic
to a horizontal slice) or Q extends meromorphically to the punc-
ture with a double pole and residue zero. In this last case, the third
coordinate satisfies h(z) = barg(z) +O(|z|) with b ∈ R.
4. The ends contained in M− are necessarily asymptotic to a vertical
plane γ×S1 and the ends contained inM+ are asymptotic to either
• a horizontal slice H2 /[ψ]× {c}, or
• a vertical plane γ × S1, or
• the quotient of a Helicoidal plane.
Proof. The proof of this theorem uses arguments of harmonic diffeomor-
phisms theory as can be found in the work of Han, Tam, Treibergs and
Wan [5, 6, 22] and Minsky [14].
From a result by Huber [11], we deduce that Σ is conformally a com-
pact Riemann surface M minus a finite number of points {p1, ..., pk}, and
the ends are parabolic.
We consider M
∗
= M−∪iB(pi, ri), the surface minus a finite number
of disks removed around the punctures pi. As the ends are parabolic,
11
each punctured disk B∗(pi, ri) can be parametrized conformally by the
exterior of a disk in C, say U = {z ∈ C; |z| ≥ R0}.
Using the Gauss-Bonnet theorem for M
∗
, we get∫
M
∗
Kdσ +
k∑
i=1
∫
∂B(pi,ri)
kg ds = 2pi(2− 2g − k). (3.1)
Therefore, in order to prove the second item of the theorem is enough
to show that for each i, we have∫
∂B(pi,ri)
kg ds =
∫
B(pi,ri)
Kdσ.
In other words, we have to understand the geometry of the ends. Let us
analyse each end.
Fix i, denote E = B∗(pi, ri) and let X = (F, h) : U = {|z| ≥ R0} →
H2/[ψ] × S1 be a conformal parametrization of the end E. In this pa-
rameter we express the metric as ds2 = λ2|dz|2 with λ2 = 4(cosh2ω)|φ|,
where φ(dz)2 = Q is the holomorphic quadratic differential on the end.
If Q ≡ 0 then φ ≡ 0 and h ≡ constant, what yields that the end E
of Σ is contained in some slice H2 /[ψ]×{c0}. Then, in fact, the minimal
surface Σ is the slice H2 /[ψ] × {c0}. Note that by our hypothesis on Σ
this case is possible only when the horizontal slices ofM have finite area.
Therefore, we can assume Q 6≡ 0.
Following the ideas of [6] and section 3 of [10], we can show that
finite total curvature and non-zero Hopf differential Q implies that Q
has a finite number of isolated zeroes on the surface Σ. Moreover, for
R0 > 0 large enough we can show that there is a constant α such that
(cosh2 ω)|φ| ≤ |z|α|φ| and then, as the metric ds2 is complete, we use
a result by Osserman [16] to conclude that Q extends meromorphically
to the puncture z = ∞. Hence we can suppose that φ has the following
form:
φ(z) =
(∑
j≥1
a−j
zj
+ P (z)
)2
,
for |z| > R0, where P is a polynomial function.
Since φ has a finite number of zeroes on U, we can suppose without
loss of generality that φ has no zeroes on U, and then the minimal surface
E is transverse to the horizontal sections H2 /[ψ]× {c}.
As in a conformal parameter z, we express the metric as ds2 = λ2|dz|2,
where λ2 = 4(cosh2ω)|φ|, then on U
−KΣλ2 = 4(sinh2 ω)|φ|+ |∇ω|
2
cosh2 ω
≥ 0. (3.2)
12
Hence,
−
∫
U
KdA =
∫
U
4(sinh2 ω)|φ||dz|2 +
∫
U
|∇ω|2
cosh2ω
|dz|2
=
∫
U
4(cosh2ω)|φ||dz|2 −
∫
U
4|φ||dz|2 +
∫
U
|∇ω|2
4(cosh4ω)|φ|dA
= area(E)− 4
∫
U
|φ||dz|2 +
∫
U
|∇ω|2
4(cosh4ω)|φ|dA,
where the last term in the right hand side is finite by (3.2), once we have
finite total curvature.
By the above equality, we conclude that area(E) is finite if, and only
if, φ =
(∑
j≥2
a−j
zj
)2
. Equivalently, area(E) is infinite if, and only if,
φ =
(∑
j≥1
a−j
zj
+ P (z)
)2
, with P 6≡ 0 or a−1 6= 0.
Claim 1: If the area of the end is infinite, then the function ω goes
to zero uniformly at infinity.
Proof. To prove this we use estimates on positive solutions of sinh-Gordon
equations by Han [5], Minsky [14] and Wan [22] to our context.
Given V any simply connected domain of U = {|z| ≥ R0}, we have
the conformal coordinate w =
∫ √
φdz = u + iv with the flat metric
|dw|2 = |φ||dz|2 on V . In the case where P 6≡ 0, the disk D(w(z), |z|/2)
contains a ball of radius at least c|z| in the metric |dw|2 where c does not
depend on z.
In the case where a−1 6= 0, we consider the conformal universal
covering U˜ of the annulus U given by the conformal change of coor-
dinate w = ln(z) + f(z) where f(z) extends holomorphically by zero
at the puncture. Any point z in U lifts to the center w(z) of a ball
D(w(z), ln(|z|/2)) ⊂ U˜ for |z| > 2R0 large enough.
The function ω lifts to the function ω˜ ◦ w(z) := ω(z) on the w-plane
which satisfies the equation
∆|φ|ω˜ = 2 sinh 2ω˜
where ∆|φ| is the Laplacian in the flat metric |dw|2. On the discD(w(z), 1)
we consider the hyperbolic metric given by
dσ2 = µ2|dw|2 = 4
(1− |w − w(z)|2)2 |dw|
2.
13
Then µ takes infinite values on ∂D(w(z), 1) and since the curvature
of the metric dσ2 is K = −1, the function ω2 = lnµ satisfies the equation
∆|φ|ω2 = e2ω2 ≥ e2ω2 − e−2ω2 = 2 sinhω2,
Then the function η(w) = ω˜(w)− ω2(w) satisfies
∆|φ|η = e2ω˜ − e−2ω˜ − e2ω2 = e2ω2
(
e2η − e−4ω2e−2η − 1) ,
which can be written in the metric dσ˜2 = e2ω2|dw|2 as
∆σ˜η = e
2η − e−4ω2e−2η − 1.
Since ω2 goes to +∞ on the boundary of the disk D|φ|(w(z), 1), the
function η is bounded above and attains its maximum at an interior point
q0. At this point η0 = η(q0) we have
e2η0 − e−4ω2e−2η0 − 1 ≤ 0.
which implies
e2η0 ≤ 1 +
√
1 + 4a2
2
,
where a = e−2ω2(q0) ≤ sup 1
µ2
≤ 1
4
. Thus at any point of the disk D|φ|(z, 1),
ω˜ satisfies
ω˜ ≤ ω2 + 1
2
ln(
2 +
√
5
4
).
We observe that the same estimate above holds for −ω˜. Then at the point
z, we have
|ω(z)| = |ω˜(w(z))| ≤ ln 4 + 1
2
ln(
2 +
√
5
4
) := K0
uniformly on R ≥ R0. Using this estimate we can apply a maximum
principle as in Minsky [14]. We know that for |z| large, we can find a
disk D|φ|(w(z), r) with r large too. Now, consider the function
F (u, v) =
K0
cosh r
cosh
√
2u cosh
√
2v.
Then F ≥ K0 ≥ ω on ∂D|φ|(w(z), r) and at q0 we have ∆|φ|F = 4F.
Suppose the minimum of F − ω˜ is a point q0 where ω˜(q0) ≥ F (q0). Then
0 ≤ ω˜(q0) ≤ sinh ω˜(q0) and
∆|φ|(F − ω˜) = 4F − 2 sinh 2ω˜ ≤ 4(F (q0)− ω˜(q0)) ≤ 0.
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Therefore we have necessarily ω˜ ≤ F on the disk. Considering the same
argument to F + ω˜ we can conclude |ω˜| ≤ F. Hence
|ω˜(w(z))| ≤ K0
cosh r
(3.3)
and then |ω˜| → 0 uniformly at the puncture, consequently |ω| → 0
uniformly at infinity.
Claim 2: If P 6≡ 0 then the end E is not proper in M.
Proof. Suppose P 6≡ 0. Up to a change of variable, we can assume that
the coefficient of the leading term of P is one. Then, for suitable complex
number a0, ..., ak−1, we have
P (z) = zk + ak−1zk−1 + + a0 and
√
φ = zk(1 + o(1)).
Let us define the function
w(z) =
∫ √
φ(z)dz =
∫ (∑
j≥1
a−j
zj
+ a0 + ...+ z
k
)
.
If a−1 = a + ib and we denote by θ ∈ R a determination of the
argument of z ∈ U, then locally
Im(w)(z) = blog|z|+ aθ + |z|
k+1
k + 1
(sin(k + 1)θ + o(1)) (3.4)
and
Re(w)(z) = alog|z| − bθ + |z|
k+1
k + 1
(cos(k + 1)θ + o(1)). (3.5)
If C0 > max{|Im(w)(z)|; |z| = R0}, then the set U ∩ {Im(w)(z) =
C0} is composed of k + 1 proper and complete curves without boundary
L0, ..., Lk (see Figure 6).
Take R a simply connected component of U ∩{Im(w)(z) ≥ C0}. The
holomorphic map w(z) gives conformal parameters w = u + iv, v ≥ C0,
to X(R) ⊂ E.
Then X˜(w) = (F˜ (w), v) is a conformal immersion of R in H2 × R
and we have
|F˜u|2σ = |F˜v|2σ + 1 and
〈
F˜u, F˜v
〉
σ
= 0.
Hence the holomorphic quadratic Hopf differential is
QF˜ = φ(w)(dw)
2 =
1
4
(
|F˜u|2σ − |F˜v|2σ + 2i
〈
F˜u, F˜v
〉
σ
)
=
1
4
(dw)2
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Figure 6: Lj for k = 2.
and the induced metric on these parameters is given by ds2 = cosh2ω˜|dw|2.
Consider the curve γ(v) = X˜(u0 + iv) = (F˜ (u0, v), v). We have
dH2(F˜ (u0, C0), F˜ (u0, v)) ≤
∫ v
C0
|F˜v|dv =
∫ v
C0
| sinh ω˜|dv <∞,
once we know |ω˜| → 0 at infinity by Claim 1.
Thus, when we pass the curve γ to the quotient by the third coor-
dinate, we obtain a curve in E which is not properly immersed in the
quotient space M. Therefore, the claim is proved and we have P ≡ 0
necessarily.
Suppose E ⊂ M+. We have E = X(U) homeomorphic to S1 × R .
Up to translation (along a geodesic not contained in T(0)), we can sup-
pose that E is transverse to T(0). Then E ∩ T(0) is k jordan curves
d1, ..., dj, α1, ..., αl, j + l = k, where each di is homotopically zero in E
and each αi generates the fundamental group of E, pi1(E).
We will prove that l = 1 necessarily and the subannulus bounded by
α1 is contained in ∪s≥0 T(s).
Assume l 6= 1. Then there exist α1, α2 ⊂ T(0) generators of pi1(E).
As E ∼= S1 × R, there exists F ⊂ E such that F ∼= S1 × [0, 1] and
∂F = α1 ∪ α2. So F is compact and its boundary is on T(0). By the
maximum principle, F ∩ (∪s<0 T(0)) = ∅. Hence F ⊂ ∪s≥0 T(s) and
then, since E ⊂ M+, there exist a third jordan curve α3 that generates
pi1(E) and another cylinder G such that G ∩ (∪s<0 T(0)) 6= ∅ and ∂G is
either α1∪α3 or α2∪α3, but we have just seen that such G can not exist.
Therefore l = 1, that is, E ∩ T(0) = α ∪ d1 ∪ ... ∪ dj, where α generates
pi1(E), the subannulus bounded by α is contained in ∪s≥0 T(s), and each
di ⊂ E bounds a disk on E contained in ∪s≥0 T(s).
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Remark 2. The same holds true for E ⊂M−, that is, if E ⊂M− and
E is transversal to T(s) then E ∩T(s) is ls + 1 curves α, d1, ..., dls , where
di is homotopically zero in E and α generates pi1(E).
Take a point p in the horocycle c(0) ⊂ H2 and consider e1 = c(0)/[ψ],
e2 = p× R /[T (h)]. The curves e1, e2 are generators of pi1(T(0)).
As E ⊂ M+ and pi1(M+) = pi1(T(0)), we can consider the inclusion
map i∗ : pi1(E) → pi1(T(0)) and i∗([α]) = n[e1] + m[e2], where m,n are
integers.
Case 1.1: n = m = 0. This case is impossible.
In fact, n = m = 0 implies that E lifts to an annulus in H2 × R and
we already know by Lemma 1 that this is not possible.
Case 1.2: n 6= 0,m = 0.
We can assume, without loss of generality, that ∂E ⊂ T(0). Call E˜
a connected component of pi−1(E ∩M+) such that pi(E˜) = E. We have
that E˜ is a proper minimal surface and its boundary ∂E˜ = pi−1(∂E) is a
curve in d(0) invariant by ψn. Moreover, the horizontal projection of E˜
on ∪s≥0c(s) ⊂ H2 is surjective.
By the Trapping Theorem in [4], E˜ is contained in a horizontal slab.
Hence h˜|E˜ is a bounded harmonic function, and then h|E is a bounded
harmonic function defined on a punctured disk. Therefore h has a limit
at infinity, and then we can say that Q extends to a constant at the
origin, say zero. In particular, h˜ has a limit at infinity.
The end of E˜ is contained in a slab of width 2 > 0 and by a result
of Collin, Hauswirth and Rosenberg [3], E˜ is a graph outside a compact
domain of H2 × R . This implies that E˜ has bounded curvature. Then
there exists δ > 0 such that for any p ∈ E, BE(p, δ) is a minimal graph
with bounded geometry over the disk D(0, δ) ⊂ TpE.
Now fix s and consider a divergent sequence {pn} in E. Applying
hyperbolic translations to {pn}(horizontal translations along a geodesic
of H2 that sends pn to a point in T(s)), we get a sequence of points in T(s)
which we still call {pn}. As T(s) is compact, the sequence {pn} converges
to a point p ∈ T(s) and the sequence of graphs BE(pn, δ) converges to a
minimal graph BE(p, δ) with bounded geometry over D(0, δ) ⊂ TpE.
As h has a limit at infinity, this limit disk BE(p, δ) is contained in
a horizontal slice. Then we conclude n3 → 1 and |∇h| → 0 uniformly
at infinity, what yields a C1-convergence of E to a horizontal slice. Now
using elliptic regularity we get E converges in the C2-topology to a hor-
izontal slice. In particular, the geodesic curvature of αs goes to 1 and
its length goes to zero, where αs is the curve in E ∩ T(s) that generates
pi1(E).
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Denote by Es the part of the end E bounded by ∂E and αs. Applying
the Gauss-Bonnet theorem for Es, we obtain∫
Es
K +
∫
αs
kg −
∫
∂E
kg = 0.
By our analysis in the previous paragraph, we have
∫
αs
kg → 0, when
s→∞. Then when we let s go to infinity, we get∫
E
K =
∫
∂E
kg,
as we wanted to prove.
Claim 3: If m 6= 0 then the area of the end is infinite.
Proof. In fact, consider g : Σ→ R the extrinsic distance function to T(0),
that is, g = dM( . ,T(0)). Hence |∇Mg| = 1 and g−1(s) = Σ ∩ T(s). We
know for almost every s, Σ∩T(s) = αs ∪ d1 ∪ ...∪ dl, where αs generates
pi1(E) and di is homotopic to zero in E. Then, by the coarea formula,∫
{g≤s}
1dA =
∫ s
−∞
(∫
{g=τ}
dsτ
|∇Σg|
)
dτ ≥
∫ s
0
|ατ |dτ
≥
∫ s
0
|e2|dτ = s|e2|,
where the last inequality follows from the fact we are supposing that
i∗[αs] has a component [e2], and in the last equality we use that the
curve e2 has constant length. Hence when we let s go to infinity, we
conclude the area of E is infinite.
So if E ⊂ M+ and m 6= 0, then the area of E is infinite. Also, we
know by Lemma 2 that all the ends contained inM− have infinite area.
Thus we will analyse all these cases together using the commom fact of
infinite area.
Suppose we have an end E with infinite area. We can assume without
loss of generality that ∂E ⊂ T(0). We know that φ =
(∑
j≥1
a−j
zj
)2
with
a−1 6= 0 for |z| ≥ R0, and |ω| → 0 uniformly at infinity by Claim 1. In
particular, we know that the tangent planes to the end become vertical
at infinity.
LetX : D∗(0, 1) ⊂ C→M be a conformal parametrization of the end
from a punctured disk (we suppose, without loss of generality, that the
punctured disk is the unit punctured disk). Now consider the covering
of D∗(0, 1) by the halfplane HP := {w = u + iv, u < 0} through the
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holomorphic exponential map ew : HP → D∗(0, 1). Hence, we can take
Xˆ = X ◦ ew : HP →M a conformal parametrization of the end from a
halfplane.
We denote by h, hˆ the third coordinates of X and Xˆ, respectively.
We already know h(z) = a ln |z|+ barg(z) + p(z) for z ∈ D∗(0, 1), where
either a or b is not zero, and p is a polynomial function. Hence |p(z)| → 0
when |z| → 0 and hˆ(w) = au+ bv+ pˆ(w), where u = Re (w), v = Im (w)
and pˆ(w) = p(ew).
As the halfplane is simply connected, consider X˜ : HP → H2 × R the
lift of Xˆ into H2 × R . We have X˜ = (F˜ , h˜), where h˜(w) = au+bv+ p˜(w),
with |p˜(w)| → 0 when |w| → ∞. Up to a conformal change of parameter,
we can suppose that h˜(w) = au+ bv.
Observe ∂E˜ = X˜({u = 0}) and the curve {h˜ = c} is the straight line
{au+ bv = c}. We have three cases to analyse.
Case 2.1: a = 0, b 6= 0, that is, the third coordinate satisfies h(z) =
barg(z) +O(|z|).
Without loss of generality we can suppose b = 1. Hence in this case,
h˜(w) = v and ∂E˜ = X˜({u = 0}).
We have X˜(w) = (F˜ (w), v) a conformal immersion of E˜, and
|F˜u|2σ = |F˜v|2σ + 1 and
〈
F˜u, F˜v
〉
σ
= 0.
Hence the holomorphic quadratic Hopf differential is
Q˜F˜ = φ˜(w)(dw)
2 =
1
4
(
|F˜u|2σ − |F˜v|2σ + 2i
〈
F˜u, F˜v
〉
σ
)
=
1
4
(dw)2
and the induced metric on these parameters is given by ds2 = cosh2ω˜|dw|2.
Moreover, by (3.3) there exists a constant K0 > 0 such that
|ω˜(w)| ≤ K0
coshr
, (3.6)
for r =
√
u2 + v2 sufficiently large.
Using Schauder’s estimates and (3.6), we obtain
|ω˜|2,α ≤ C (| sinh ω˜|0,α + |ω˜|0) ≤ Ce−r.
Then
|∇ω˜| ≤ Ce−r. (3.7)
Now consider the curve γc = E˜ ∩ H2×{v = c}, that is, γc(u) =
(F˜ (u, c), c). Let (V, σ(η)|dη|2) be a local parametrization of H2 and define
the local function ϕ as the argument of F˜u, hence
F˜u =
1√
σ
cosh ω˜eiϕ and F˜v =
i√
σ
sinh ω˜eiϕ.
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If we denote by kg the geosedic curvature of γc in (V, σ(η)|dη|2) and
by ke the Euclidean geodesic curvature of γc in (V, |dη|2), we have
kg =
ke√
σ
− 〈∇
√
σ, n〉
σ
,
where n = (− sinϕ, cosϕ) is the Euclidean normal vector to γc. If t
denotes the arclength of γc, we have
ke = ϕt =
ϕu
√
σ
cosh ω˜
and
〈∇√σ, n〉
σ
=
〈∇log√σ, n〉√
σ
=
1
2
√
σ
(cosϕ(log σ)η2 − sinϕ(log σ)η1) .
Then,
kg =
ϕu
cosh ω˜
− 1
2
√
σ
(cosϕ(log σ)η2 − sinϕ(log σ)η1) . (3.8)
In the complex coordinate w, we have
F˜w =
eω˜+iϕ
2
√
σ
and F˜w¯ =
e−ω˜+iϕ
2
√
σ
. (3.9)
Moreover, the harmonic map equation in the complex coordinate η =
η1 + iη2 of H2 (see [21], page 8) is
F˜ww¯ + (log σ)ηF˜wF˜w¯ = 0. (3.10)
Then using (3.9) and (3.10) we obtain
(−ω˜ + iϕ)w = −
√
σ
(
1√
σ
)
w
− (log σ)ηF˜w
= 1
2
(log σ)w − (log σ)ηF˜w
= 1
2
(
(log σ)ηF˜w + (log σ)η¯
¯˜
Fw
)
− (log σ)ηF˜w
= 1
2
(log σ)η¯
¯˜
Fw − 12(log σ)ηF˜w,
(3.11)
where 2(log σ)η = (log σ)η1 − i(log σ)η2 and ¯˜Fw = 12√σe−ω˜−iϕ.
Taking the imaginary part of (3.11), we get
ϕu + ω˜v =
cosh ω˜
2
√
σ
(cosϕ(log σ)η2 − sinϕ(log σ)η1) . (3.12)
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By (3.8) and (3.12), we deduce
kg = − ω˜v
cosh ω˜
. (3.13)
Therefore, by (3.6) and (3.7), when c→ +∞, kg(γc)(u)→ 0 and also
when we fix c and let u go to infinity the geodesic curvature of the curve
γc goes to zero. In particular, for h˜ sufficiently large, the asymptotic
boundary of γc consists in only one point (see [8], Proposition 4.1).
We will prove that the family of curves γc has the same boundary
point at infinity independently on the value c. Fix u0 and consider αu0
the projection onto H2 of the curve X˜(u0, v) = (F˜ (u0, v), v), that is,
αu0(v) = F˜ (u0, v) ∈ H2 . We have α′u0(v) = F˜v and |α′u0(v)|σ = | sinh ω˜|.
Then
d(αu0(v1), αu0(v2)) ≤ l(αu0|[v1,v2]) =
∫ v2
v1
| sinh ω˜|dv ≤
∫ v2
v1
sinh e−rdv,
where r =
√
u20 + v
2. Thus, for any v1, v2, we have d(αu0(v1), αu0(v2))→
0 when u0 → −∞.
Therefore, the asymptotic boundary of all horizontal curves γc in E˜
coincide, and we can write ∂∞E˜ = p0 × R.
Observe that as h˜|∂E˜ is unbounded, then we have two possibilities for
∂E˜, either ∂E˜ is invariant by a vertical translation or is invariant by a
screw motion ψn ◦ T (h)m, n,m 6= 0.
Subcase 2.1.1: ∂E˜ invariant by vertical translation and E ⊂M+.
In this case, by the Trapping Theorem in [4], E˜ is contained in a
slab between two vertical planes that limit to the same vertical line at
infinity, p0×R. Moreover, since |ω˜| → 0, then we get bounded curvature
by (2.7). The same holds true for E in M+.
Thus, using the same argument as in Case 1.2, we can show that in
fact E converges in the C2-topology to a vertical plane. Therefore, the
geodesic curvature of αs goes to zero and its length stays bounded, where
αs is the curve in E ∩ T(s) that generates pi1(E).
Applying the Gauss-Bonnet theorem for Es, the part of the end E
bounded by ∂E and αs, we obtain∫
Es
K +
∫
αs
kg −
∫
∂E
kg = 0.
By our analysis in the previous paragraph, we have
∫
αs
kg → 0, when
s→∞. Then, when we let s go to infinity, we get∫
E
K =
∫
∂E
kg,
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as we wanted to prove.
Subcase 2.1.2: ∂E˜ invariant by vertical translation and E ⊂M−.
As ∂E˜ invariant by vertical translation, then we can find a horizontal
geodesic γ in H2 such that γ limits to p0 at infinity and γ × R does not
intersect ∂E˜. Call q0 the other endpoint of γ. Take q ∈ ∂∞H2 contained
in the halfspace determined by γ × R that does not contain ∂E˜. As the
asymptotic boundary of E˜ is just p0×R, then qq0×R does not intersect
E˜ for q sufficiently close to q0. Also note that for any q, qq0 ×R can not
be tangent at infinity to E˜, because E is proper in M. Thus, if we start
with q close to q0 and let q go to p0, we conclude that in fact γ ×R does
not intersect E˜, by the maximum principle. Now if we consider another
point q¯0 ∈ ∂∞H2 contained in the same halfspace determined by γ × R
as ∂E˜ and such that γ¯ × R = q¯0p0 × R does not intersect ∂E˜, we can
prove using the same argument above that γ¯ × R does not intersect E˜.
Thus we conclude that E˜ is contained in the region between two vertical
planes that limit to p0 × R.
As |ω˜| → 0, we get bounded curvature by (2.7). So E ⊂ M− is a
minimal surface with bounded curvature contained in a slab bounded by
two vertical planes that limit to the same point at infinity. Hence, using
the same argument as in Case 1.2, we can show that E converges in the
C2-topology to a vertical plane. Therefore, as in Subcase 2.1.1 above, we
get ∫
E
K =
∫
∂E
kg.
Subcase 2.1.3: ∂E˜ invariant by screw motion and E ⊂M+.
In this case, by the Trapping Theorem in [4], E˜ is contained in a
slab between two parallel Helicoidal planes and, since |ω˜| → 0, we get
bounded curvature by (2.7). Then E is a minimal surface in M+ with
bounded curvature contained in a slab between the quotient of two par-
allel Helicoidal planes.
Thus, using the same argument as in Case 1.2, we can show that
in fact E converges in the C2-topology to the quotient of a Helicoidal
plane. In particular, the geodesic curvature of αs goes to zero and its
length stays bounded, where αs is the curve in E ∩ T(s) that generates
pi1(E).
Applying the Gauss-Bonnet theorem for Es, the part of the end E
bounded by ∂E and αs, we obtain∫
Es
K +
∫
αs
kg −
∫
∂E
kg = 0.
By our previous analysis, we have
∫
αs
kg → 0, when s→∞. Then, when
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we let s go to infinity, we get∫
E
K =
∫
∂E
kg,
as we wanted to prove.
Subcase 2.1.4: ∂E˜ invariant by screw motion and E ⊂M−.
By Remark 2, we know that for almost every s ≤ 0, E˜∩d(s) contains
a curve invariant by screw motion, so it is not possible to have p0×R as
the only asymptotic boundary. Thus this subcase is not possible.
Case 2.2: a 6= 0. We will show this is not possible.
Consider the change of coordinates by the rotation eiθw : HP →
H˜P , where tan θ = a
b
(notice that if b = 0, then θ = pi/2) and H˜P =
eiθ(HP ) ⊂ {w˜ = u˜+ iv˜}. From now on, when we write one curve in the
plane w˜ = u˜+ iv˜, we mean the part of this curve contained in H˜P .
In this new parameter w˜, we have ∂E˜ = X˜({bu˜+ av˜ = 0}), the curve
{h˜ = c} is the straight line {v˜ = c√
a2+b2
}. (See Figure 7).
Figure 7: Parameter w˜ = u˜+ iv˜.
Now consider the curve β(t) = (0, t), t ≥ 0. The angle between X˜(β)
and ∂E˜ is θ 6= 0 and X˜(β) is a divergent curve in E˜. However, the curve
F˜ (β) = F˜ (0, t) satisfies
l(F˜ (β)) =
1
|a|
∫ t
0
|F˜v˜|dv˜ = 1|a|
∫ t
0
| sinh ω˜|dv˜ ≤ C,
for some constant C not depending on t, since we know by (3.3) that
|ω˜| → 0 at infinity. This implies that when we pass the curve X˜(β) to
the quotient spaceM, we obtain a curve in E which is not proper inM,
what is impossible, once the end E is proper.
Therefore, analysing the geometry of all possible cases for the ends of
a proper immersed minimal surface with finite total curvature Σ in M,
we have proved the theorem.
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Remark 3. The case of a Helicoidal end contained in M+ is in fact
possible, as shows the example constructed by the second author in section
4.3 in [13]. The example is a minimal surface contained in M with two
vertical ends and two Helicoidal ends.
References
[1] U. Abresch and H. Rosenberg. Generalized Hopf differentials. Mat.
Contemp., 28, 1-28, 2005.
[2] P. Collin and H. Rosenberg. Construction of harmonic diffeomor-
phisms and minimal surfaces. Ann. of Math. 172, 1879-1906, 2010.
[3] P. Collin, L. Hauswirth and H. Rosenberg. Properly immersed mini-
mal surfaces in a slab of H2 × R, H2 the hyperbolic plane. Preprint,
2013, arXiv:1304.1923.
[4] P. Collin, L. Hauswirth and H. Rosenberg. Minimal surfaces in fi-
nite volume hyperbolic 3-manifolds N and in M ×S1,M a finite area
hyperbolic surface. Preprint, 2013, arXiv:1304.1773.
[5] Z.-C. Han. Remarks on the geometric behavior of harmonic maps
between surfaces. Elliptic and Parabolic Methods in Geometry, A K
Peters, Ltd., 1996.
[6] Z.-C. Han, L.-F. Tam, A. Treibergs and T. Wan. Harmonic maps from
the complex plane into surfaces with nonpositive curvature. Comm.
Anal. Geom. 3, 85-114, 1995.
[7] L. Hauswirth. Generalized Riemann minimal surfaces examples in
three-dimensional manifolds products. Pacific J. Math. 224, 91-117,
2006.
[8] L. Hauswirth, B. Nelli, R. Sa Earp and E. Toubiana. Minimal ends
in H2 × R with finite total curvature and a Schoen type theorem.
Preprint, 2011, arXiv:1111.0851.
[9] L. Hauswirth, R. Sa Earp and E. Toubiana. Associate and conjugate
minimal immersions in M × R. Tohoku Math. J. (2) 60, 267-286,
2008.
[10] L. Hauswirth and H. Rosenberg. Minimal surfaces of finite total
curvature in H2 × R . Matema´tica contemporaˆnea. 31, 65-80, 2006.
[11] A. Huber. On subharmonic functions and differential geometry in
the large. Comment. Math. Helv. 32, 13-72, 1957.
24
[12] L. Mazet, M. M. Rodr´ıguez and H. Rosenberg. Periodic constant
mean curvature surfaces in H2×R . Preprint, 2011. arXiv:1106.5900.
[13] A. Menezes. The Alexandrov problem in a quotient space of H2 × R.
Preprint.
[14] Y. Minsky. Harmonic maps, length, and energy in Teichmuller
space. J. Differential Geom. 35, 151-217, 1992.
[15] F. Morabito and M. M. Rodr´ıguez. Saddle Towers and minimal
k-noids in H2 × R. J. Inst. Math. Jussieu, 11(2): 333-349, 2012.
DOI:10.1017/S1474748011000107. arXiv:0910.5676.
[16] R. Osserman. A survey of minimal surfaces. Dover Publications,
New York, 1986. MR0852409, Zbl 0209.52901.
[17] J. Pyo. New complete embedded minimal surfaces in H2 × R.
Preprint, 2012.arXiv:0911.5577v2.
[18] J. Pyo and M. M. Rodr´ıguez. Simply-connected minimal sur-
faces with finite total curvature in H2 × R. Preprint, 2012.
arXiv:1210.1099v1.
[19] R. Sa Earp. Parabolic and hyperbolic screw motion surfaces in
H2 × R. J. Aust. Math. Soc., 85: 113-143, 2008.
[20] R. Sa Earp and E. Toubiana. Screw motion surfaces in H2 × R and
S2 × R. Illinois J. Math., 49:4, 1323-1362, 2005.
[21] R. Schoen and S. T. Yau. Lectures on harmonic maps. International
Press, Cambridge, MA, 1997.
[22] Tom Y. H. Wan. Constant mean curvature surface, harmonic maps
and universal Teichmuller space. J. Differential Geom. 35, 643-657,
1992.
LAURENT HAUSWIRTH, Universite´ Paris-Est, LAMA (UMR 8050),
UPEMLV, UPEC, CNRS, F-77454, Marne-la-Valle´e, France.
E-mail address: laurent.hauswirth@univ-mlv.fr
ANA MENEZES, Instituto de Matema´tica Pura e Aplicada (IMPA),
Estrada Dona Castorina 110, 22460-320 Rio de Janeiro, Brazil
E-mail address: anamaria@impa.br
